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The exceptional superalgebra D(2, l;a) has been classified 
as a candidate conformal supersymmetry algebra in two di- 
mensions. We propose an alternative interpretation of it 
as extended BFV-BRST quantisation superalgebras in 2D 
(D(2, 1; 1) ~ osp(2, 2 1 2) ) . A superfield realization is pre- 
sented wherein the standard extended phase space coordi- 
nates can be identified. The physical states are studied via 
the cohomology of the BRST operator. 



The BFV-BRST quantisation of relativistic systems provides a cohomo- 
logical resolution of irreducible unitary representations of space-time sym- 
metries. Moreover these unirreps appear to be associated with constructions 
of iosp{d, 2|2)Pj, for relativistic particles in flat spacetime, however, in this 
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work we do not need or use translations 0. Here we follow an algebraic ap- 
proach, and so need to develop a classification of admissible 'quantisation 
superalgebras' in various dimensions. Some examples of such algebras are 
D{2, 1; a) in D = 1 + 1 (note that as a = 1 corresponds to osp(2,2|2)), in 
D = 2 + 1 we have osp(3, 2|2) which corresponds to anti de Sitter symmetry 
(which may be relevant to anyon quantisation), and for D = 3 + 1 we get 
conformal symmetry of 4D spacetime and super unitary superalgebras. 

As is well known [|], || the BFV canonical quantisation of canonical con- 
strained Hamiltonian systems f| uses an extended phase space description 
in which, associated with each first class constraint 0( a ) a pair of conjugate 
variables r]^ a \ p^ a )is introduced. These ghost variables have Grassman parity 
opposite to that of the constraint. Including Lagrange multipliers A as addi- 
tional dynamical variables, leads to their vanishing canonical momenta (tt\) 
constituting an auxiliary, doubled set of first class constraints. The action 
for the scalar particle can be written (in 2 nd order formulation): 



The constraints are the mass-shell condition <f>i = p^p^ — m 2 = 0, as well as 
the aforementioned vanishing conjugate momentum of the Lagrange multi- 
plier, which shall be slightly modified shortly. The extended action is invari- 
ant under the infinitesimal guage transformations 5X = e, Sx^ = {x^,^} = 
2ep M , Sp^ = {p^jSQ} = 0. In order to solve for the action it is necessary to 
choose a particular gauge fixing condition. From the transformation of the 
einbein (which arises explicitly in the first order formulation) under world- 
line diffeomorphisms, we have e'(r')dr' = <ire(r). In the infinitesimal case 
t = t' + e(r')/e(r), we have 5e = e'(r) — e(r) = e. Thus we identify A(r) 
with e(r). 

Two restrictions are necessary so as to arrive at the particle quantisation 
corresponding with the super algebraic prescription. Firstly we must limit 
the quantisation of A to the half-line (say R + ) Qj, or equivalently we fix 
the gauge so as to be with respect to gauge transformations in one of the 
connected components of the group, i.e. the identity class or the orientation 
reversing class. Secondly, we take 02 = A^ as the second constraint (rather 
than 02 = 7!" a as used in the standard construction)^]. 

*We thank J Klauder and J Govaerts for pointing out possible difficulties with regularity 
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The standard BRST operator can now be written = r/ 1 ) \TC\+r] ( - 2 \p^p^— 
m 2 ). The gauge fixed Hamiltonian is H = {JF, fi}, which for the choice of 
guage fixing funtion T = |Ap( 2 ) yields H = —^{V P(2) + P^Pn ~ m 2 ). 

The system can be quantised by introducing the standard Schrodinger 
representation. It is at this point convenient to change variables and rescale 
as follows: define p + = A -1 and x_ = \n\ at the classical level, and 
implement a canonical rescaling rj —>■ Xrj, p — ► A _1 p as well as n\ — > 
tt\ — (rj^p(X) — ?7 < - 2 V(2))- We now introduce the quantum operators X^, P v 
corresponding to the co-ordinates x^ p u , along with P + and X_ acting on suit- 
able sets of wavefunctions on the half line. The hermitean ghosts r]^ a \ pa,) are 
represented on a 4-dimensional indefinite inner product space \crcr'), cr, a' = ±, 
on which the combinations Qi,2 = (v^ ±P(2))/v2 satisfy [Q a ,Xp] — £ ap (see 
[p]] for details). Finally with 

P- = H = -ip-!(P^ + Q a Q a - m 2 ) (2) 

we find that operators Jab, A = fi, ±(even), a (odd), B = u, ±, /3 etc. defined 
by bilinear antisymmetrised combinations of X^ (or X a ) and P v (or Qp) close 
on the inhomogeneous orthosymplectic superalgebra isop{d, 2/2), 

[Jab,Jcd] = gcBJAD-[AB]g CA J BD -[CD]g DB J AC +[AB][CD]g DA J BC (3) 

in a light cone basis where x± = -j=(xd±Xd+i), the metric is = r]^, g + - = 

9-+ = 1, gap = £<*p, and [A, B] = (-l) ab etc.. 

For the D(2, 1; a) particle we start with no corresponding model, and so 
have only the algebraic structure as a guide. We regard D(2, 1; a) as a gen- 
eralisation of osp(d, 2 1 2) and find a superfield realisation which is equivalent 
to the case for a relativistic scalar particle [I] for a = 1 and d = 2. In the 
generic <i case we define the homogeneous manifold M. = OSp(d — l, 2|2)/G , 
where OSp(d — 1, 1|2) = (J^, L^ a , K a/3 ) and Af = (</ M -, L a J). The stability 
group is therefore G = OSp(d — 1, 1|2) A Af. For one parameter subgroups 
g(t) with generator A, the standard superfield realisation leads to generators, 
acting on A4, defined by 

Mi?) = (l^r 1 *)) ' (4) 

of the constraints in this case 
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where M. E5 x = (q",ri a , 0) <-> exp(g At J^ + + i] a L a+ ) exp(0J + _)Go, represents 
the coset. 

In the case of the D(2, l;a) superalgebra, we define generators = 
J, J — J + aJ + _ and J + _ = J + _ + a J, where a = and the remaining 

generators are as in the standard superfield case. The nonzero anticommu- 

tators which differ from the osp(d, 2|2) case are 

{L^ a , Lp±} = —e af 3(J^± ± ae^J„±), (5) 
{L a ±, Lp T } = ±e a pJ + - — K a 0. 

We can then define generators A similar to the standard case, except now 
OSp(l,l\2) = (J, L MQ , K a p), leading to Go, and so M 3 x = (q" , r] a , <f>) <-> 
exp(<^J M + + exp(0 J + _)G . 

We can now explicitly write down the superfield realisation for D(2, 1; a) 
as follows: let = A" 1 , 9 a = A _ V» A = e*(A > 0), therefore 

j _ \-i ^ 
-V+ — — A 



L a+ — —A 



dp"' 



2 ^ ^ ' p 'd6<* a dX ^ dp- 
d d d 



<9p^ 1 - a 2 V <9A * dp" 89 



a 



OX 1 - a 2 \ OX * dp" 86 a J ' 

M 2 .9^ 2 ^ <9p^ 2 ^ p F F dp* 
9 1 , „ d 



dX 2 ^ dp v 
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Xa(a Pll + e w p p ) ( x _d_ _ pV _d_ _ QOl d 



I -a 2 \ d\ * dp v d6 a J ' 

If we compare this realisation with that obtained for osp(d, 2|2)[]I] the simi- 
larities are evident (although the realisation of J M _ requires some attention). 
In fact if we allow a — > 1 (i.e. D(2, 1; a) = osp(2, 2|2)) then these relations 
equal those obtained using the standard superfield. 

The BRST operator for the D(2, 1; a) model can be implemented by con- 
sidering linearly independent spinors (xa) and (x' a ) with x a x' a — 1> f° r 
example (x a ) = (1? 1); x' a — Tfl - 1> -*-)■ Defining the ghost number opera- 
tor AT = x a X /l3 Ka/3 (x9)(x'd) + [x'9)(xd)i then for any spinor V n we have 
[JV, x 7 ^ 7 ] = +% 7 V 7 and [AT, x' 7 V 7 ] = -x' 7 ^ 7 - Thus we can define 

Vt = x L a — , Q a ► 6 a , -Xq. ► d a , 

^^X'U,^-^,^-^, (7) 

The physical states for our system can be stated explicitly by considering 
superfields of the form r, 6 a ) = A + 9 a ip a + ^9 a 9 a B, and imposing 

f2<3> = 0, $ 7^ £)<!>', thus we get 



n$ = _L P . p( , . + ^ + LJ_ _ iL (p£9p) 

9 
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We note that in the Fourier space the constraints are solved by the physical 
states 4>(xr,Xl) = J(x • ip)e~ ip ' x dx, satisfying 

8 9 ' ( XR Z X l + X \) 0) 



dx R dx L \x L = x"-x l 

and <f)(xn,XL,p + ) = p + <p(p+ XR,p^_ a x L ) for some function <p. Moreover if 
7^$ = on the physical states and we assume the Schrodinger equation 
TC = —i4-, then these functions are independent of r. 

The system we have constructed can be interpreted as the 'quantisation' 
of a classical '-D(2, 1; a)' particle. The p + — dependence of physical wavefunc- 
tions provides indirect evidence that the model involves a more subtle im- 
plementation of diffeomorphisms than usual. Note that the two-dimensional 
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case has the unique property that Lorentz invariance is not broken, and the 
metric x ii x v r\ l)iV = xrXl is still a worldline scalar, if xr,xl transform as den- 
sities, x' R L {r')dT' ±a = XR^{r)dT ±a . Corresponding covariant actions may 
be responsible (after gauge fixing) for the p+— scaling behaviour^. Finally, 
the superalgebraisation of BRST-BFV indicates a role for (d, 2|2) type su- 
perspaces. Future work will involve applying the D(2, l;a) model to the 
spinning particle J7|, as well as generalising to higher dimensions. 
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